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几何信息均分的 B 样条曲线节点设置 
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?  ?: 受每个节点区间应该具有相同建模能力的启发, 提出一种基于几何信息均分的 B 样条曲线节点设置算法. 
首先放置少量节点, 以每个节点区间具有相等的几何信息量准则来确定节点的位置; 为了提高样条的建模能力, 根
据上一次迭代中的拟合误差确定加细节点区间并使新节点均分该节点区间的几何信息. 该算法可以快速有效地得到
用户指定精度的逼近曲线. 通过对一些具有不同几何复杂度的实例进行实验的结果表明, 文中算法是有效的; 与现
有的 2 种算法相比, 该算法在相同控制顶点的情况下能够得到更高精度的逼近结果. 
???：B 样条; 曲线拟合; 节点设置; 最小二乘 
??????：TP391.41 
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Abstract: Motivated by the observation that each knot interval should be of the same modeling ability, a knot 
placement algorithm based on equally spaced geometric information for B-spline curves is proposed. In the algo-
rithm, a few of knots are determined according to the principle that each knot interval is of the same amount of 
geometric information at the initial iteration. In order to improve the modeling ability of the B-splines, the knot 
interval needed to be refined is determined by the last fitting errors and the new knot inserted is placed to equally 
space the accumulated geometric information in the knot interval. Via the adaptive knot placement algorithm, ap-
proximated curve with specified tolerance can be produced rapidly and efficiently. Several models with distinct 
geometric complexities are tested to demonstrate the efficacy of our algorithm in fitting curves. Comparing to 
other two available methods, more accurate results can be obtained by our method with the same number of con-
trol points. 
 
Key words: B-spline; curve fitting; knot placement; least square  
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1  相关工作 
? B???????, ??????????
?????????????????? 3???
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???? B????????. ??????, ?
???????????? 4???[1-2]: ????
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?????? . ??????????????
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??????????????????? , ?
?????????. 
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??????????? , ?????????
???????????????? . ????
??, ?? B ???????????????
????? , ???????????????
??????, ?????[3-4]????????
?[5]???????[6]???????[7]????
??[8]?. ??, ??????????????
?????[9-10]????. ??????????
??????????? , ?????????
?????, ???????(????????
?????), ?????????????. ?
?, ???????????????. ????
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???????????????. 
???????????????????
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??????????????????? . ?
?????? , ??????????????
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????????(dominant points), ?????
????. 
??, ???????????????, ?
?????????????????????
?????. Wang?[14]???????????, 
?????????????????????
???????? , ????????????
????, ???????????????. 
???????????????????
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?????????????????????
?????????? , ??????????
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?????????????????????
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2  B 样条曲线的最小二乘拟合 
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3  本文算法概述 
? B ???????, ??????????
?????????????????. ????
??????????????????????
??? B ????, ?????????????
?. ????????, ???????????
????????????, ?????????
???: ??????????????, ???
??????????????????????
????. ????, ????????????
???. ???????, ??????????
?????????????. ??????, ?
??????????????????????
??. ????QR???????????????
?{ }ic , ????????, ??????????
??????????????. ????????: 
Step1. ???????????? 0K ?????
?, ? Step3. 
Step2. ?????????????????, ?
????????????????????????. 
Step3. ??????????? m ??????, 
???????? X ???????? (root mean 
square error, RMSE). 
Step4. ?? RMSE  ????????????
?, ?? Step2; ??, ??????, ????. 
? 1a?????????????; ?? 1b
???????????? 18 ?????, ??
????????????? B????. 
 
    
a. ??????????      b. 18???????? 
 
图 1  ?????????? B?????? 
4  自适应节点加入 
????????, ???????????
???????????????????. ??
??????????????????????
???????????, ??????????
???????????. ??????????
???????????, ??????????
??????????????????, ???
???????????. 
???????????: ????????
????? 1[ , ]i iu u  , 0,1, , 1i m  ??????
?????????, ?????? B??????
????????????. ????, ????
??, ???????????????????
????????, ??????????????
??????????. ???????????
??????, ???????, ???????
????. ??, ??????????????
??????????? . ??? , ??
( )s  | ( ) |k s  ???????? s??????
?, ? ( )s ??????????; ??, ( )k s ?
????? s????,  ?????. ??, ?
??????????????????????
????????????? 
 
1
2
1
0
( )= [ ( , ) ]
m
i i
i
E U K u u C



  (1) 
??
1
1
1
( )
1 ( )
( , ) ( )di
i
t u
i i t u
K u u s s    , ????? 1( )it u
第 2 期 ???, 等: ??????? B???????? 307 
 
     
      
? 1 1( )it u  ??????????? ( )s ????
???. 1( )t  ????????? ( )t  ????(?
? 1 0 0( )t u x  , 1( )m lt u x  ), ?????????
???????. ?? 0( , ) /lC K t t m ??????
?????????????????????. 
??, ? 1( , ) , 0,1, , 1i iK u u C i m    ?, ?(1)
????? 0. ??, ????????????
?? ( )s ?????? , ??????????
?????????????????????
????. ??????, ??????????
???, ???????????? ( , )K   . ??
?, ?????? [15]???????? ix ???
?? ik , ????????? ix ????????
?? ii k   ?????????????? ( )s , 
??????????????? ( , )K   . ???
??????????? ( )s ???????, ?
???????????????? 
 1
0
1
0
0
( , ) ( )d ( )dl k
k
l
lx x
x x
k
sK t t s s s 

   . 
???, ?????????????, 1( )t  ??
????????? . ???????????
????? 1( )t  , ?? 0 0 1( , ) ( , )j jK t t i C K t t  ≤  
( 0 j l≤ )?, ?? 
 1
1
1 0( , ) ( )
( , )
( ) j j j
j
j
j
i
i C K t t
x x
K t t
t u x 


       
????? 1( ) (1 )i mt u i ≤ . ???, ?????
?????????(1)???????????. 
??? ,  ? 0 0u t ,  m lu t ,  ? 0( , )jK t t i C ≤   
0 1( , ) (0 )jK t t j l ≤ ? ,  ?? (1 )iu i m≤ ??? 
????? 
 0 1
1
( , )
( )
( , )
j
i j j j
j j
i C K t t
u t t t
K t t 
     (2) 
??(2)??, ?????????????, 
?????????????????????
???? . ????????? ( )s ?????
????? ix ?????????? ii k   ??
???? , ?????????????? ?
??????? .  ?? , ?????????
????, ??????(1)?????????
???????????; ??, ???????
???????, ??????(1)??????
?????? . ?? , ?????  ?????
???. B?????????????????, 
?????????????????????
??????????, ??????, ????
?????????. ????????, ???
????????, ?????????????
??????. ???????????, 3  ?
??????. ? 2a ???? 1a ??????
3  ???????????. ???????
??????????????????????
???, ??????????????????
????. ??????, ????( 0K ?)???
?????????????, ????????
????????, ??? B ?????????. 
? 3a ????????????? 10 ?????
???, ?? 4a ?????????????? 3
? B???????????. 
 
 
 
? 2  ?????????????????? 
 
 
 
? 3  ???????????? 
308 计算机辅助设计与图形学学报 第 29 卷 
 
     
      
     
a. ?????????? ? ? ? ? ? b. ????(??)????? 
 
? 4  ???????????? 
5  新插入节点的确定 
??????, ?????????????
??? ( )C t . ??????? ( )C t ???????
?, ???????????????????, 
??????????????????????. 
?????, ????????????????
???????????????, ??????
???????. ??????????????
??????. ?? Greville Abscissae ?????
?????????? [16], ? Greville Abscissae
???????? , ????????????
??????????????? , ?????
???????. ?????? ix ? ( )C t ????
? ( )i iC t x‖ ‖, ???????????????
? 1[ , ]i iu u  , ?????????????? 10u , ?
????(1)??????? 10u ???. ?????, 
????????????? . ?? , ? 10[ , ]iu u , 
1
0 1[ , ]iu u  2 ?????????????????
??(1)????, ? 10u ??? 1 1i 0 0 i 1( , ) ( , )K u u K u u  . 
? 3b ???????????????????
(?? 2b ??)????????????????
?, ? 4b???????????????. 
?? Schoenberg-Whitney ??[17]??????
?????????????, ????????
??????????, ?? B ????????
????????????. ?????????
????????, ?????????????
??????????????, ???????
???????. ??, ???????????
?????????????, ????????
??. ???, ???????????????
??????????????????, ???
??????, ???????????????
???. ??????????????????
???????, ???????. 
6  实验及分析结果 
????????? 6 ??????????
??????????. ???, ???????
C++???, ????? Intel Core i5-3210M CPU 
@2.5 GHz, 4 GB??, Windows 7????. ???
?????? B ??????????. ????
???, ???? B ??????. ??????, 
???? 10 ???, ???????, ?????
???? 1???, ???????RMSE 1E 4  . 
?? 6.1 ?, ??????????????. ??
6.2, 6.3?, ???????? Park?[13]?????
????????B??????(??DOM??), 
?? Li?[12]????? 3???????????
???? / 6a ≤ ????????(?? Li ??)
????, ???????????. ?????
????????, ?????????????
?????????. 
6.1  参数化的选择 
????????????????????
????????, ???? B ????????
????. ???, ?????????????
??, ????????????????; ??
??, ???????, ???????????
??????????????????????
????????. ?????????????
??????????????, ??? 2????
??????????, ???????????
????????? . ?????????, ??
????????????????, ?????
???????????; ??, ???????
?????????. ?? 2 ?????????
?????????????????. ???, 
?????????????, ????????, 
?????????. ????, ???????
??????????-???????????
????????????? K ?????, ??
??????????3?????2????, ??
第 2 期 ???, 等: ??????? B???????? 309 
 
     
      
???????, ?????????????. 
6.2  与 DOM 算法的比较 
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表 1  人脸轮廓线拟合结果(27 个控制顶点) 
?? ???? ???? 
?? 
DOM 
 
表 2  连接抛物线拟合结果(28 个控制顶点) 
?? ???? ???? 
?? 
DOM 
 
表 3  直线-半圆拟合结果(17 个控制顶点) 
?? ???? ???? 
?? 
DOM 
表 4  摇杆轮廓线拟合结果(128 个控制顶点) 
?? ???? ???? 
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DOM
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6.3  与 Li 算法的比较 
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表 5  3 种算法拟合结果比较 
?? ??? ?? ??? ????? ???? RMSE ??/s 
????? 100 ?? 25 27 2.17E–4 9.88E–5 0.047 
  DOM   3.82E–4 1.31E–4 0.047 
  Li      
????? 80 ?? 26 28 1.58E–6 3.53E–7 0.062 
  DOM   7.08E–3 1.33E–3 0.062 
  Li      
??-?? 50 ?? 15 17 1.87E–4 8.99E–5 0.016 
  DOM   4.18E–3 1.21E–4 0.016 
  Li      
????? 800 ?? 126 128 7.21E–4 9.47E–5 0.421 
  DOM   1.91E–3 1.25E–4 0.451 
  Li      
?????? 250 ?? 32 34 2.15E–3 2.91E–4 0.046 
?  DOM   8.45E–4 4.35E–4 0.046 
  Li   3.84E–3 1.75E–3 0.016 
?????? 2 870 ?? 249 251 3.91E–4 9.94E–5 1.580 
? K???  DOM   1.01E–3 1.21E–4 1.350 
  Li   1.22E–2 2.16E–3 0.031 
 
表 6  涡轮叶片轮廓线拟合结果(34 个控制顶点) 
?? ???? ???? 
?? 
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Li 
  
 
表 7  蒙纳科斯瓦字体 K 拟合结果(251 个控制顶点) 
?? ???? ???? 
?? 
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Li 
  
7  结  语 
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??????????, ???????????
??????. ?????? B????????
????, ????????? B ??????
?????? , ??????????????
?????????????????????
??. ??? B ???????, ??[18]???
? Voronoi ???????, ?????????
??????? Voronoi ???????, ???
????? 2??????? u, v?????. ?
? Voronoi?????????????????
??? , ?????????????????
??????????, ???????????
??. ???[18]??, ???????????
??????, ??????????????. 
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